Abstract. We present a version for finite groups of the construction of coherent states proposed by Perelomov in the case of Lie groups, and use it in order to define some finite frames directly related to certain crystals/quasicrystals. These frames allow us to associate to any complex valued function supported by the crystal/quasicrystal nodes a linear operator in a finite-dimensional space, whose spectrum and mean values may shed a new (possibly probabilistic) light on the geometrical structure. The procedure, not necessarily a path to a quantum approach, can be regarded as an extended version of the Klauder-Berezin quantization and represents a change of point of view in considering the crystal/quasicrystal.
Introduction
The systems of coherent states and the coherent state quantizations are mainly used in quantum mechanics and quantum field theories in the description of system dynamics [1, 2, 9, 10, 11, 12] . Therefore, most of the systems of coherent states used in physics are continuous systems related to certain Lie groups [14, 15] . We show that a version for finite groups of these very useful notions and techniques can be obtained in a natural way, and present some possible applications to crystal physics.
In the case of any orthogonal (or unitary) irreducible representation of a finite group, each non-trivial orbit leads by normalization to a finite frame. More than that, a finite frame can be associated in a natural way to any finite union of orbits. Based on this remark, we associate a finite frame to each finite fragment of a crystal (periodic or quasicrystal) formed by a union of orbits of the representation in the physical space of the point group, in the case when this representation is irreducible. The finite frame obtained in this way allows us to associate a linear operator to each real function defined on the set of all the atomic positions [3, 4, 5, 6, 7, 13] . Some of the classical observables are described by such functions, and the corresponding linear operators are intimately related to the crystal. They may contain useful information, and can be considered as a different way to look at the crystal. The construction of these linear operators can be regarded as a quantizationà la Klauder-Berezin of the classical observables.
The presentation of our general results (sections 2-4) is followed by some possible applications to periodic two-dimensional crystals (section 5), periodic three-dimensional crystals (section 6), fullerenes (section 7), and to quasicrystals (section 8).
Finite frames
Let H be a n-dimensional Hilbert space over the field K, where K is R or C, and let {|1 , |2 , ..., |n } be an orthonormal basis in H. A system of vectors |u 1 , |u 2 , ..., |u m will be called a (finite) frame in H if
and if it satisfies the resolution of identity
In this case we have
for any |v , |w ∈ H. Each orthonormal basis is a frame, but generally, the vectors forming a frame are not linearly independent. More than that, in a frame a vector can occur several times. The notion of frame defined above can be regarded as a discrete version of the notion of coherent states. The relations
show that each frame defines two families of probability distributions.
.., |u m is a frame then the vectors
form an orthonormal basis in the subspace
of the standard Hilbert space K m . The isometry
has the property S|j = |ω j and allows us to identify H with the subspace H S .
Proof. We have
|ω j j|v .
Finite frames defined by using group representations
Let G be a finite group, {T g : H −→ H ; g ∈ G } be an irreducible orthogonal (resp. unitary) representation of G in a n-dimensional Hilbert space H over R (resp. C),
be the stationary group of a fixed vector |u 1 ∈ H with u 1 |u 1 = 1, and let {g 1 , g 2 , ..., g m } be a system of representatives of the elements of G/P with g 1 the unit element of G. The set {|u 1 , |u 2 , ..., |u m }, where
is a subset of the orbit G|u 1 . For each g ∈ G there exist σ
.., σ g m ∈ {σ ; |σ| = 1} and a permutation of the set {1, 2, ..., m} denoted also by g such that
for all i ∈ {1, 2, ..., m}.
Theorem 2. Let {|e 1 , |e 2 , ..., |e m } be the canonical basis of K m . The relatioñ
defines the ortogonal (unitary) representationT g :
=T hg |e i for any g, h ∈ G and any i ∈ {1, 2, ..., m}.
Theorem 3. The system of vectors |u 1 , |u 2 , ..., |u m defined by (9) is a frame, that is,
Proof. The operator Λ :
w|u i u i |v = ( w|Λ)|v and therefore, it has a real eigenvalue λ. Since the eigenspace { |v ; Λ|v = λ|v } corresponding to λ is G-invariant
and the representation T is irreducible we must have Λ|v = λ|v for any |v ∈ H. By using the orthogonal basis {|1 , |2 , ..., |n } we get
The obtained system |u 1 , |u 2 , ..., |u m allows us to identify H with the subspace
of K m by using the mapping S :
Theorem 4. The orthogonal complement of the subspace
The subspaces H S and H
Proof. If
, that is, |α is orthogonal to the vectors of the basis {|ω 1 , |ω 2 , ..., |ω n } of H S . Since the vectors |u 1 , |u 2 , ..., |u m span H the rank of the matrix ( j|u i ) of the system of equations m i=1 α i |u i = 0 is n. Therefore, the dimension of the subspace defined by (15) is m − dimH S . Since σ
The matrix in the canonical basis {|e 1 , |e 2 , ..., |e m } of the orthogonal projector
Since the subspaces H S and H ⊥ S are G-invariant, the corresponding orthogonal projectors π and π ⊥ satisfy the relations πT g =T g π and π
By following the method from the proof of theorem 3, one can prove that the whole orbit G|v corresponding to any unit vector |v is a frame, that is,
where |G|v | is the number of vectors of the orbit G|v . More than that, for any set of unit vectors {|v 1 , |v 2 , ..., |v k }, by adding the relations 
multiplied respectively with
A frame quantization for finite sets
Let S = {v 1 , v 2 , ..., v m } be a set of data admitting a group G as a symmetry group , and let l 2 (S) be the Hilbert space of all the functions f : S −→ C with the scalar product
Let us assume that the set S can be regarded as a subset of a space R n and there exists an orthogonal irreducible representation of G in R n leaving S invariant. In this case, S is a union of orbits of G and the set of unit vectors { u 1 , u 2 , ... , u m }, where
A classical observable on our set S is usually described by a function f : S −→ R. By starting from the resolution of identity (21) we associate to each f ∈ l 2 (S) the operator
and this can be regarded in a certain sense as a frame quantization of f . In this context, f (x) is said upper (or contravariant) symbol of the operator A f and denoted by f =Â f , whereas the mean value v|A f |v is said lower(or covariant) symbol of A f and denoted byȂ f . The mapping l 2 (S) −→ L(C n ) : f → A f is a linear mapping from the space l 2 (S) to the space L(C n ) of all the linear operators A : C n −→ C n , that is,
Indeed, for each |x we get
The trace of the operator A f is
where {|1 , |2 , ..., |n } is an orthonormal basis in R n .
A frame quantization for two-dimensional crystals
Consider a fragment of a two-dimensional crystal
formed by a finite union of orbits of an irreducible orthogonal representation of a finite group G. The set of the corresponding normalized vectors
is also a union of orbits of G, and in view of relation (20) we have
Particularly, from this relation it follows that the functions ψ 1 , ψ 2 : C −→ C,
form an orthonormal system in the Hilbert space l 2 (C) with the scalar product
The relation
defines a unitary representation of G in l 2 (C), and the isometry
allows us to identify the space R 2 with the G-invariant subspace
After this embedding of R 2 into l 2 (C) the vector |u i corresponds to the function
By following the general method presented in the previous section, we associate to a classical observable f defined on the set of all the atomic positions C the operator
that is, in the indicated orthonormal basis,
Let λ 1 and λ 2 be the eigenvalues of A f , and let φ 1 , φ 2 : C −→ C,
be the corresponding orthogonal unitary eigenvectors. Particularly, we have
are two families of probability distributions concerning the classical observable f . The kernel K = { f ; A f = 0 } of the linear mapping f → A f is formed by all the functions f satisfying the relation
and only the projection of f on the orthogonal complement
spanned by the functions f 1 , f 2 , f 3 : C −→ C,
brings a contribution to A f . One can remark that the constant function 1 = f 1 + f 3 belongs to K ⊥ , and in view of the relation (25) we have 1, f 1 = 1, f 3 = 1 and 1, f 2 = 0.
A frame quantization for three-dimensional crystals
Consider a fragment of a three-dimensional crystal
The functions ψ 1 , ψ 2 , ψ 3 : C −→ C,
and the isometry
allows us to identify the space R 3 with the subspace E = {αψ 1 +βψ 2 +γψ 3 ; α, β, γ ∈ R}. To each real function f defined on the set C of all the atomic positions we associate the linear operator
Two families of probability distributions
can be associated to f by using the method presented in the previous section. In this case, only the projection of f on the subspace {α 1 f 1 +α 2 f 2 + ... +α 6 f 6 ; α 1 , α 2 , ..., α 6 ∈ C } of l 2 (C) spanned by the functions f 1 , f 2 , ... , f 6 : C −→ C,
brings a contribution to A f .
Discrete versions of the sphere S 2 and their quantization
The subset X = {x 1 , x 2 , ..., x 12 } of the unit sphere S 2 = {x ∈ R 3 ; ||x|| = 1} formed by the twelve vertices of a regular icosahedron
(1, τ, 0),
(−1, τ, 0),
(−τ, 0, 1),
(0, −1, τ ),
(τ, 0, 1),
where τ = (1 + √ 5)/2, can be regarded as a discrete version of S 2 . The group I of all the rotations of R 3 leaving the set X invariant is called the icosahedral group and is generated by the rotations
satisfying the relation r 5 = s 2 = (rs) 3 = I R 3 . Particularly, the set X is an orbit of I, and in view of theorem 3 it is a frame 3 12
We can increase the resolution of our discrete description of S 2 by using longer orbits of I or a union of orbits. For example, we can use the orbit X ′ = {x
} formed by the vertices of a regular dodecahedron
(1−τ, 0, τ ),
(1,−1, 1),
satisfying the relation 3 20
or the union of orbits X ∪ X ′ satisfying 3 32
In the last case, the frame quantization of a classical observable f : X ∪ X ′ −→ R consists in associating to f the operator A f :
Some of these frame quantizations may be useful in the study of fullerenes. The noncommutativity of the quantized objects allows one to construct a sort of fuzzy geometry.
A frame quantization for quasicrystals
Let { g : R 3 −→ R 3 ; g ∈ I } be the representation of the icosahedral group defined by (30), and let P = { g ∈ I ; g|u 1 = ±|u 1 } be the stationary group of
(1, τ, 0). We can choose the representatives g 1 , g 2 , ... , g 6 of the cosets of I/P such that
The unit vectors |u 1 , |u 2 , ..., |u 6 form a frame in R 3 , that is,
The action of the rotations r and s can be described by the signed permutations 
and they define a representation of I in R 6 . The vectors defined by using the canonical basis {|1 , |2 , |3 } of R
(τ, τ, 0, −1, 0, 1)
form an orthonormal system in the superspace R 6 , and the injective linear mapping
has the property S|j = |w j , and allows us to identify the space R 3 with the subspace E = {α|w 1 + β|w 2 + γ|w 3 ; α, β, γ ∈ R }
spanned by the orthonormal system {|w 1 , |w 2 , |w 3 } in R 6 . The matrices in the canonical basis of R 6 of the orthogonal projectors corresponding to E and E 
Theorem 5. The subset of R 3 ≡ E defined by using the strip projection method [8] Q = { πx ; x ∈ Z 6 and π ⊥ x ∈ W } where W = π ⊥ ([−1/2, 1/2] 6 ), is a union of orbits of the icosahedral group I.
Proof. From the definition (39) of the representation of I in R 6 it follows that g(Z 6 ) = Z 6 and g([−1/2, 1/2] 6 ) = ([−1/2, 1/2] 6 ), for any g ∈ I. Since E and E ⊥ are I-invariant subspaces (theorem 4), it follows g(W ) = gπ ⊥ ([−1/2, 1/2] 6 ) = π ⊥ g([−1/2, 1/2] 6 ) = W and π ⊥ x ∈ W =⇒ π ⊥ (gx) = g(π ⊥ x) ∈ g(W ) = W , whence πx ∈ Q =⇒ g(πx) = π(gx) ∈ Q, for any g ∈ I.
One can prove that the set Q is discrete, quasiperiodic, and the points of Q are uniformly distributed. It is usually called a (mathematical) quasicrystal. For any r ∈ (0, ∞), the finite fragment
of the quasicrystal Q is also a union of orbits of I. By using (20) we get the relation 3 |Q r | u∈Qr |ũ ũ| = I R 3 (45) whereũ = u/||u||. The frame quantization of a classical observable f : Q r −→ R defined on the set Q r of atomic positions consists in associating the operator
